Abstract. We study rationality problems for smooth complete intersections of two quadrics. We focus on the three-dimensional case, with a view toward understanding the invariants governing the rationality of a geometrically rational threefold over a nonclosed field.
Introduction
Rationality problems for geometrically rational surfaces X over nonclosed fields k have been intensely studied and are well understood. Their minimal models over k are either conic bundles or del Pezzo surfaces. In addition to the existence of k-rational points X(k), the essential information is encoded in the Picard group Pic(X), viewed as a Galois-module. Rationality can be detected by analyzing the Galois orbit structure on the set of exceptional curves -with a few exceptions, minimal surfaces X cannot be rational. This allows to completely settle the question of rationality of X. Stable rationality remains a challenging open problem.
In dimension 3, the minimal model program leads to conic bundles, del Pezzo fibrations, and Fano varieties. There is an extensive literature on rationality of these varieties over algebraically closed fields, see, e.g., [IP99] . Recently, there has been decisive progress on the stable rationality problem, essentially settling this problem in dimension 3, with the exception of varieties birational to a cubic [HKT16] , [HT16] , [KO17] . These results relied on the specialization method introduced by Voisin [Voi15] and developed in [CTP16] , see also [Voi16] , [CT18] . However, little is known about rationality properties of geometrically rational threefolds over nonclosed fields such as finite fields or function fields of curves.
Here, we focus on the simplest geometrically rational, nontoric, example, the complete intersection of two quadrics with a view toward understanding the invariants governing the rationality of a geometrically rational threefold over relatively simple ground fields. Indeed, rationality properties of toric varieties are controlled by the Picard group, as a Galois module, similar to the case of surfaces; the classification of nonrational tori can be found in [Kun87] . For X a smooth intersection of two quadrics, we have Pic(X) = Z, with trivial Galois action, and the Brauer group Br(X) is also trivial. When X(k) = ∅, the intermediate Jacobian IJ(X) is the Jacobian of a curve of genus 2, over k. Similarly, there are no obstructions from the birational rigidity viewpoint. Are there any obstructions to rationality? We find them in specializations. One of our main results, Theorem 28, is a proof of failure of stable rationality of general X as in (1). We use two different specializations of X. In Section 9 we use non-rational toric threefolds over k to obtain smooth examples over k((τ )) that are non-rational but admit rational points. In Section 10, we work over k = C(t) and view X as a fourfold over C, admitting a quadric surface bundle over P 1 × P 1 . The failure of stable rationality of such X can be proven using the techniques of [HPT18] ; this means that X is not stably rational over k.
On the other hand, natural rationality constructions interact in unexpected ways. In Section 2, we recall the geometry of the varieties of projective subspaces on higher-dimensional intersections of two quadrics. The most classical rationality construction -projection from lines -is discussed in Section 3. Another useful -and a priori distinct -rationality construction is presented in Section 4. Interestingly, this forces the existence of a line over the ground field (Theorem 9). In Section 5 we study the connection to the intermediate Jacobian of X and its twisted forms; Question 11(ii) is a natural outgrowth of our examples. Section 6 presents a related rationality result (Theorem 14) asserting that odd-degree curves force the existence of a line and rationality.
We then explore what happens as the corresponding cocycle associated with the intermediate Jacobian collapses. For example, X might admit a pair of skew lines over the ground field, addressed in Section 7. Given the importance of rational curves in all our constructions, we explore their geometry in Section 8.
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Geometric background
In this section, X ⊂ P n is a smooth complete intersection of two quadrics over a field k of characteristic not equal to two.
2.1. Varieties of linear subspaces. Let F r (X) ⊂ G(r, n) denote the variety of r-dimensional linear subspaces in X. It has expected dimension e(r, n) = (r + 1)(n − 2r − 2) which is non-negative provided n ≥ 2r + 2.
Proposition 1. If n ≥ 2r + 2 then F r (X) is smooth and non-empty of dimension e(r, n). If n > 2r + 2 it is also connected.
The non-singularity result is [Rei72, Th. 2.6] and non-emptyness is addressed in the introductions to Chapters 3 and 4 of [Rei72] . The connectedness assertion is [DM98, Th. 2.1].
The adjunction formula [DM98, p. 555] gives the dualizing sheaf
which is always non-negative provided e(r, n) > 0. It is negative unless n = 2g + 1 and r = g − 1 for some g ∈ N.
2.2. Connections with hyperelliptic curves and vector bundles. Assume that n = 2g + 1 and consider the fibration
associated with the pencil of quadrics and the relative variety of maximal isotropic subspaces
where ̟ is smooth and γ is a double cover branched over D ⊂ P 1 with |D| = 2g + 2.
Overk, X may be diagonalized
= 0}, and thus admits automorphisms by diagonal matrices with entries ±1 (Z/2Z) 2g+1 ⊂ Aut(X).
As a Galois module, this may be represented as
where the p i are the branch points. This has the relations
Proposition 2.
• F g−1 (X) is a torsor over the Jacobian of C.
• F g−2 (X) is the moduli space of rank-two vector bundles E with fixed odd determinant, i.e., an isomorphism
The generic such bundle admits automorphisms by ±1 and an action
2.3. Quadric pencils. Consider the fibration
associated with the pencil of quadrics.
Proposition 3 (Amer-Brumer Theorem [Bru78] ). The variety X admits a rational point if and only if ̺ admits a section.
Here we assume n = 2g + 1 and write OGr g+1 for a connected component of the Grassmannian of maximal isotropic subspaces in a nondegenerate quadratic form in 2g + 2 variables. The relative variety of planes
where ̟ is anétale OGr g -bundle and γ is a double cover. The standard theory of quadratic forms yields a class α ∈ Br(C) [2] . Now assume n = 5 and g = 2. Here OGr 3 is a Brauer-Severi threefold, geometrically isomorphic to P 3 . Thus
is anétale P 3 -bundle, hence the index of α divides four. Intersection with X gives an isomorphism
to the variety R 2 (X) of conics on X.
Remark 4. It follows that if X contains a conic over k then C(k) = ∅. The converse holds if α = 0 or k is a C 1 field.
Rationality via lines
We recall a standard rationality construction: Let X ⊂ P n be a smooth complete intersection of two quadrics containing a line ℓ. Projecting from ℓ induces a birational morphism
that blows down all the lines in X incident to ℓ. Fix coordinates x 0 , . . . , x n so that ℓ = {x 2 = . . . = x n = 0} and
where the L ij are linear and the Q i quadratic in x 2 , . . . , x n . The inverse mapping β −1 is given by a linear series of cubics associated with the
When n = 5 we recover the following data:
• the base locus of β −1 , a smooth quintic curve of genus two
• a divisor on C of degree three, corresponding to one of the rulings of the quadric surface. This is consistent with our previous notation as the space of conics R 2 (X) admits a natural morphism to C with rational fibers. Indeed, conics in X correspond under β to conics R ⊂ P 3 incident to C in four points; we take the residual point in the intersection of C ∩ span(R).
Remark 5. This yields a geometric explanation for the first assertion of Theorem 28 of [BGW17] , in the genus two case.
To summarize: Construction 1. [CTSSD87, Prop. 2.2] Let X be a smooth complete intersection of two quadrics. Suppose that F 1 (X) admits a k-rational point ℓ. Then X is rational over k.
From this, we obtain
• over k = C, X is rational provided n ≥ 4;
, where B is a curve, X is rational provided n ≥ 6. 
where φ is anétale
Proposition 6. We have a natural diagram
giving a linear embedding of anétale P 1 -bundle into anétale P 3 -bundle.
The arrows are induced as follows:
• for the bottow row
by taking tangent spaces to the quadric hypersurfaces {Q p } in the pencil; • for the top row, given p ∈ P 1 the threefold
p ∩ Q p is a cone over the surface q −1 (p) whence
• the middle row is induced by the functoriality of Stein factorization.
A degree computation shows that the P 1 -fibers are linearly embedded in the P 3 -fibers. Proposition 6 yields the compatibility of the pairs (C x , α x ) with the pair (C, α) introduced in Section 2.3:
Corollary 7. The curve C x and Brauer class α x are independent of x. The index of α equals two whenever X admits a rational point.
Construction 3. Retain the notation of Construction 2. Note that X
′ is rational when α = 0.
As a consequence, we obtain that X is rational [CTSSD87, Th. 3.4] (1) over k a C i -field when n ≥ 2 i+1 + 2; (2) over k a p-adic field when n ≥ 11. 4.2. Geometric analysis. We first elaborate the geometric implications of our rationality construction.
Let X ⊂ P 5 denote a smooth complete intersection of two quadrics over k and suppose there exists an x ∈ X(k) such that there exist distinct lines
with N ℓ i /X ≃ O 2 P 1 . Double projection from x induces a rational map X P 1 defined away from the lines. We resolve indeterminacy
where X → X is obtained by blowing up x and the proper transforms of ℓ 1 , . . . , ℓ 4 , and X → X ′ blows down the exceptional divisors over the lines along the opposite rulings. The morphism X ′ → P 1 is a quadric surface bundle. Let Y ′ ⊂ X ′ denote the proper transform of the exceptional divisor over x, a conic bundle over P 1 with three degenerate fibers.
Suppose that the class α ∈ Br(C)[2] = 0 so that
admits a section. Then we may express
where E is a vector bundle of rank two and odd determinant [DR77] . Note that it follows immediately that [Pic 1 (C)] = 0 as a principal homogeneous space under A = Pic 0 (C). Thus we may normalize so that deg(E) = 5.
The structure of sections of φ is well-known: For each L ∈ Pic 0 (C), elements of P(Γ(C, E ⊗ L)) yield sections of the projective bundle. Riemann-Roch shows these are parametrized by a Zariski P 2 -bundle over Pic 0 (C). Their proper transforms in X are twisted cubic curves containing x; these are birational to a Zariski P 2 -bundle over F 1 (X) by:
Proposition 8. Twisted cubic curves on X are residual to a line ℓ ⊂ X in the three-plane they span. Thus the twisted cubics are birational to a Zariski Gr(2, 4)-bundle over F 1 (X). Those passing through a fixed point form a Zariski P 2 -bundle.
In particular, X admits a twisted cubic over k if and only if it admits a line over k.
Lines in X disjoint from the lines ℓ 1 , . . . , ℓ 4 correspond to sections of
Riemann-Roch shows there is a unique such section for generic L.
We summarize this discussion as follows:
Theorem 9. Let X ⊂ P 5 be a smooth complete intersection of two quadrics. Suppose that
• the class α ∈ Br(C) vanishes. Then X is rational and contains a line.
Proof. We may assume that k is infinite -we have already seen that X always admits a line over finite fields. In this case, Remark 3.28.3 of [CTSSD87] applies to show that X is unirational, and thus X(k) is Zariski dense. Hence we may find a point x satisfying the genericity assumptions. This allows us to apply the construction above.
Remark 10. It is perhaps surprising that the triviality of α forces the existence of odd degree cycles on C.
Variety of lines as a cocycle
Let C → P 1 denote the genus two curve associated with X. Note that Pic 0 (C) and the Albanese of the variety of lines F 1 (X) are isomorphic by work of X. Wang [Wan18] -we call this abelian surface A. Moreover, we obtain identifications of principal homogeneous spaces over A:
The class [F 1 (X)], as a principal homogeneous space over A, has order dividing four by [Wan18, Th. 1.1]. The associated morphism
has nodal Kummer surfaces as fibers. Over C ⊂ Pic 1 (C), we obtain the reducible conics R 2,red (X) ⊂ R 2 (X). Thus we have a natural factorization R 2,red (X) ֒→ F 2 (X) ց ↓ C realizing the Kummer fibers as 16-nodal quartic surfaces in the BrauerSeveri fibration associated with α.
We record some basic observations.
• If [F 1 (X)] is trivial then X admits a line over k and is rational by Construction 1.
• The Brauer class α ∈ Br(C)[2] is determined geometrically by the class [F 1 (X)].
• The class [F 1 (X)] has index dividing four when X(k) = ∅; indeed, the lines incident to a point are defined over a quartic extension. Thus the class [F 1 (X)] is the fundamental object for our purposes.
Question 11.
i. If [F 1 (X)] has order four must X be irrational over k? ii. Are there examples where X is rational and [F 1 (X)] = 0?
The second question grew out of discussions with Colliot-Thélène.
Proposition 12. Consider the following statements:
(
Below we analyze the geometry of each case, with a view toward understanding whether these implications are strict.
Remark 13. Suppose that k is a C 1 -field and
in conics, with a quartic plane curve as degeneracy. Using conic bundles for rationality constructions is problematic, as we cannot expect to find sections when the base is a surface. Such sections would yield extra divisor classes in the total space, which would have to be singular by the Lefschetz hyperplane theorem. (Our X is rational overk but not because of the conic fibration.) 6. Odd degree curves, secants, and rationality
We work over a field k of characteristic different from two.
Theorem 14. Let X ⊂ P 5 be a smooth complete intersection of two quadrics. Suppose that X admits a smooth geometrically connected curve R ⊂ X of odd degree. Then X contains a line and is rational.
6.1. Background on secants. Let R ⊂ P 5 be a smooth projective geometrically connected curve of degree d and genus g. Let Sec(R) denote the closure of the secants of R. We have a diagram
where Sym 2 (R) is the symmetric square of R, B 2 → Sym 2 (R) is P 1 -bundle parametrizing lines parametrized by pairs of points on R, and β is the canonical morphism. 
The formula has the following interpretation: Secants passing through a plane P correspond to nodes of the image of the projection
the formula is the difference between the genus of R and the arithmetic genus of π P (R). Under our assumptions projection of R from the tangent line at r maps it isomorphically onto a degree d − 2 curve in P 3 . Thus Sec(R) has multiplicity d − 2 along R.
6.2. Analysis in complete intersections of quadrics. Let X ⊂ P 5 denote a smooth complete intersection of quadrics. We denote its hyperplane class by h. Consider
which has the following properties:
• π 1 : X ′ → X is generically finite of degree four; • π 1 is branched over a hypersurface in X of degree eight. It is clear that four lines pass through a generic point of X. For the second assertion, fix a generic line ℓ ∈ F 1 (X) so the resulting
has two disjoint components ℓ and C, where C → ℓ is a degree-three cover from a curve of genus two branched over eight points.
Proposition 17. Let R ⊂ X be smooth and geometrically connected of degree d ≥ 3 and genus g. Assume that
• Sec(R) has isolated singularities of multiplicity d − 2 at the generic point r of R, and • finitely many secants to R are contained in X.
Let Σ R denote the sum of the secants to R in X counted with multiplicity. Then we have
This is similar to results of M. Shen [She14] for cubic threefolds.
Proof. We assume for the moment that R spans a subspace of dimension at least four. Since [Sec(R)] ≡ (
and Sec(R) intersects X in pure dimension one, we just need to interpret the terms of the intersection. The computation of tangent cones above means that Sec(R) ∩ X has multiplicity m ≥ (d − 2) along R.
Consider the induced morphism
its arithmetic genus p a (R ′ ) satisfies
whence p a (R ′
An intersection computation shows that the class [D] ∈ N 1 (F 1 (X)) (one-cycles up to numerical equivalence) is equal to dΘ. Curves in this class have arithmetic genus d 2 + 1 and secants to R correspond to double points of the induced map R ′ → D. There are
such points, whence
Comparing degrees
we conclude that m = d − 2 and the formula follows. Now assume that R spans a subspace of dimension three. If R is a twisted cubic then it is residual to a line ℓ in a complete intersection of linear linear forms; ℓ is the unique secant to R in X so that Σ R = ℓ. Then we obtain R + ℓ ≡ h 2 which is consistent with our general formula. If R is an elliptic quartic curve then R ≡ h 2 which is also consistent with the formula.
Proposition 18. Let R ⊂ X and assume that Sec(R) does not have isolated singularities of multiplicity d − 2 at the generic point r of R.
Then there are infinitely many secants to R contained in X.
Proof. Under our assumptions, there exist points p, q ∈ R − {r} such that the secant ℓ(p, q) contains r. It follows that the line ℓ(p, q) meets X with multiplicity at least three and thus is contained in X. Varying over r ∈ R, we obtain a curve
such that R is contained in the ruled surface P(S * |B) ⊂ X associated with B. Here S is the universal line sub-bundle on the Grassmannian Gr(2, 6).
Proposition 19. Suppose that R ⊂ X admits infinitely many secants on X. If R has odd degree then X admits a cycle of lines of odd degree.
Proof. Let B ν → B ⊂ F 1 (X) denote the normalization such that R factors through a ruled surface F := P(S * |B ν ) → X. Writing
we see that [F] = bh and, cutting by hyperplanes, we find that F → B ν admits sections of class bh 2 . These both have degree 4b. If F → B ν admits a multisection R then B ν admits a zero-cycle of odd degree as well. Indeed, take the difference of R and a suitable multiple of the sections mentioned above. Thus F 1 (X) admits such a cycle as well.
6.3. Proof of Theorem 14. If X contains a line then there is nothing to prove. Otherwise, Proposition 17 covers the 'generic' case. The number of secants with multiplicities is
which is odd whenever d is odd. However, F 1 (X) has a point whenever it admits a cycle of odd degree. When the genericity hypotheses fail to be satisfied, Proposition 18 puts us in the case where there are infinitely many secants to R on X. Here we apply Proposition 19 to conclude the result.
Two skew lines
The motivating question of this section is: Let X ⊂ P 5 denote a smooth complete intersection of two quadrics over a field k. Suppose that X admits a line ℓ ⊂ X defined over a quadratic extension L/k, not containing a k-rational point of X. In other words ℓ and its Galois conjugate ℓ ′ are disjoint. Does it follow that X is rational? 
obtained by blowing down skew lines.
Our analysis will describe the degeneracy locus and associated Galoistheoretic data of ̟.
7.1. Details of the construction. Let m 1 , m 2 ⊂ X be residual to ℓ and ℓ ′ in a codimension-two linear section of X
Consider the hyperplane sections of X containing ℓ, ℓ ′ , m 1 , and m 2 , which are quartic del Pezzo surfaces with a fixed anti-canonical cycle of lines. The fiber-wise linear series consists of quadrics vanishing along ℓ and ℓ ′ , which collapse m 1 and m 2 .
Remark 20. In this situation, we have a natural rational map
induced by projection from ℓ and ℓ ′ . This factors as
• blowing up ℓ and ℓ ′ ; • blowing down the lines m 1 and m 2 residual to ℓ and ℓ ′ .
Let Y denote the closed image of X. Geometrically, it is a complete intersection of three bidegree (1, 1) forms in P 3 × P 3 with two ordinary threefold double points y 1 , y 2 ∈ Y , the images of m 1 and m 2 . Note that The pencil of hyperplane sections of X containing the cycle of rational curves
gives a rational map
that may be factored a follows.
Step 1. Let X 1 → X denote the blow up of ℓ and ℓ ′ with exceptional divisorsÊ andÊ ′ , each isomorphism to
The proper transformsm 1 andm 2 have normal bundles O P 1 (−1) ⊕ O P 1 (−1).
Step 2. Let X 2 → X 1 denote the blow up ofm 1 andm 2 with exceptional divisors F 1 and F 2 . We have
from the normal bundle computation. LetẼ andẼ ′ denote the proper transforms ofÊ andÊ ′ .
Step 3. Let g denote the pull-back of the hyperplane class of X to X 2 . We claim that
is basepoint free. We analyze it on each exceptional divisor. We can write
where e = −Ẽ|Ẽ and f i = F i |Ẽ, with non-zero intersections
We haveẼ is a sextic del Pezzo surface and M|Ẽ induces a conic bundle, which is basepoint free. We can write Pic(F 1 ) = Zg + Zη with non-zero intersections gη = 1. We have
Thus F 1 and F 2 are collapsed to P 1 's in the 'opposite' direction. Note the further non-vanishing intersection numbers
Step 4. We interpret this map as floppingm 1 andm 2 , to get
The corresponding lines m 1 and m 2 in our pencil of hyperplane sections are contracted, yielding fibers that are sextic del Pezzo surfaces.
Step 5. Since χ(X ′ 1 ) = χ(X 1 ) = 4 − 4 + 2 + 2 = 4, assuming ϕ ′ is degenerate along fibers with one ordinary double point, the degeneracy locus ∆ ⊂ P 1 satisfies 4 = (2 − |∆|)6 + 5|∆| whence |∆| = 8.
Our fibration thus has eight singular fibers.
Geometric description. The Galois representation associated with
may be interpreted as follows. The distinguished quadratic extension associated to the blow-up realizations over P 2 is induced by L/k, the field of definition of ℓ and ℓ ′ . We analyze conics in the fibers of ϕ ′ . Their proper transforms Z ⊂ X are incident to ℓ and ℓ ′ but disjoint from m 1 and m 2 . They are parametrized by a surface T fibered in conics over a genus-two curve C ′ , which admits a morphism
and a triple cover C ′ → P 1 with eight degenerate fibers. It follows that C ′ ≃ C and the latter curve admits a degree-three morphism to P 1 .
7.2. Application to rationality. Retain the set-up of Construction 4, which yields a fibration ̟ : Y → P 1 in sextic del Pezzo surfaces where Y is birational to X over k. The generic fiber of ̟ is rational over k(P 1 ) provided ̟ admits a section. Indeed, a sextic del Pezzo surface over a field is rational whenever it admits a point [Man66, Cor. 1 to Thm. 3.10]. It follows that X is also rational over k.
However, such a section is the proper transform of a curve R ⊂ X of odd degree -the hyperplanes in the pencil meet the section in one point outside {ℓ, m 1 , ℓ ′ , m 2 } and R meets these lines in pairs of conjugate points. Assuming that R is smooth, Theorem 14 implies that X actually contains a line (cf. Question 11).
Rational curves in higher degrees
We have already given the structure of lines, conics, and twisted cubics on a smooth complete intersection X ⊂ P 5 of two quadrics. We describe the rational normal quartic curves R ⊂ Xk by making reference to a rational parametrization ρ : P 3 Xp, blowing up C ⊂ P 3 realized as a (2, 3) divisor in a quadric surface Q = {F = 0} ⊂ P 3 (see Section 3). The preimage ρ −1 (R) is also a rational quartic curve R ′ with
Thus we obtain a rational map
We claim this is generically finite of degree four. Indeed, we write
and we have an elliptic quartic curve
and computing intersections in Q yields (E ∩ C) Q = {c 1 , . . . , c 8 , c 9 , c 10 }.
Each R ′ arising as above sits in a member of the pencil
as a divisor of bidegree (1, 3). Rulings of quadrics in this pencil are parametrized by E, in which we have the equation
or equivalently 2f 2 = O E (c 1 + · · · + c 8 )(−1). This has four solutions with the structure of a principal homogeneous space over E [2] .
The image of the proper transform of Q ′ is obtained in two steps • blow up c 1 , . . . , c 10 ;
• pinch along the E using the degree two morphism
induced by the ruling of Q contracted by ρ. This is obtained by taking a quadric hypersurface section Σ ⊂ X containing R and double along ℓ -these form a linear system of dimension 21 − 2 − 9 − 3 − 6 = 1.
We are using the fact that N ℓ/X = O 2 P 1 or O P 1 (1)⊕O P 1 (−1) to compute the conditions imposed by insisting that the quadric is double along ℓ. Thus Σ is uniquely determined by ℓ and R.
9. Irrationality via specialization of birational types 9.1. The toric example. First, we work over an algebraically closed field.
Let X be toric, isomorphic to
with ordinary singularities at the coordinate axes. We may realize X as the image of the rational map 
whose indeterminacy is given by the scheme {y 1 y 2 y 3 = y 0 y 2 y 3 = y 0 y 1 y 3 = y 0 y 1 y 2 = 0}.
Letting z 0 , z 1 , z 2 , z 3 be projective coordinates on the target projective space, we have
It has ordinary singularities at 12 points
with three over each of the coordinate axes in the P 3 factors.
We have a diagram
with arrows as follows:
• X → X blows up the proper transforms of the lines ℓ 12 , . . . , ℓ 34 ;
• X ′′ → X ′ blows up the 12 ordinary double points; • X ′′ → X blows up the proper transforms of the 12 lines L i;jk in the exceptional divisors of X → P 3 connecting the proper transforms of ℓ ij and ℓ ik ; • X → X ′ contracts the proper transform of the L i;jk .
In addition to the toric action, there is an action of a group
where the semidirect product is by permutation of the factors. The S 4 symmetry is the permutation of the coordinates on P 3 ; the S 2 symmetry is induced by the standard Cremona transformation on P 3 . Thus the action of H on X ′ (and thus its resolution X ′′ ) is clear from the notation. The S 4 action is clearly regular on X as well; the regularity of the Cremona involution on X (and thus X) reflects the commutativity of the diagram
Here ι is the Cremona involution, j the birational map between P 3 and X, and φ is the linear transformation φ(x 0 , x 1 , x 2 , x 3 , x 4 , x 5 ) = (x 1 , x 0 , x 3 , x 2 , x 5 , x 4 ) that preserves X. • deg(F 1 (X)) = 32 ;
• it has eight components isomorphic to P 2 : P 1 , P 2 , P 3 , P 4 and P 123 , P 124 , P 134 , P 234 ;
• it has four components isomorphic to the degree six del Pezzo surface: S 1 , . . . , S 4 ; • S 1 meets P 2 , P 123 , P 3 , P 134 , P 4 , P 124 in a hexagonal anticanonical cycle; • P 1 meets S 2 , S 3 , S 4 in a triangular anticanonical cycle;
• P 123 meets S 1 , S 2 , S 3 in a triangular anticanonical cycle.
Proof. First, note that X contains eight planes
each containing three of the ordinary double points. The lines in these planes are the eight P 2 's in F 1 (X). These may be interpreted via j as:
• P i -corresponding to lines in the exceptional divisors over the p i ; • P ijk -corresponding to conics in P 3 containing p i , p j , p k .
A direct computation shows that F 1 is singular along those lines meeting the six singularities. These form 24 lines in F 1 (X), four associated with each singularity and three lying on each of the eight planes. We write
• S i -corresponding to the lines in P 3 through p i .
These are parametrized by the blow-up of P 2 at through non-collinear points, a sextic del Pezzo surface, cf. [AK77, Th. 1.10]. Note that the distinguished hexagon of lines in S 1 coincides with its intersections with the six planes indicated.
On the other hand, a computation shows that F 1 (X) is smooth of dimension two at all lines not meeting to the singularities. In particular, F 1 (X) has pure dimension two.
The statement on the degree of F 1 (X) can be obtained via Schubert calculus on the Grassmannian Gr(2, 6). It reflects the fact that O Gr(2,6) (1)|F 1 (X) is four times the principal polarization.
It remains to show that the enumerated lines cover all the lines on X. The sum of the degrees of the S i equals 24; the sum of the degrees of the P 2 components is 8. Thus we conclude F 1 (X) is the union of these 12 surfaces.
Our notation is chosen compatibly with the action of S 4 × S 2 . The first factor permutes the indices. The second interchanges P i and P jkl where {i, j, k, l} = {1, 2, 3, 4}.
9.3. Galois cohomology. Rationality of a 3-dimensional torus T is governed by the Galois action on its lattice of characters X * (T ); the action factors through a subgroup G ⊂ H, where
The main result of [Kun87] is: Remark 22. Assume that the Galois group acts transitively on the set of 4 coordinate points p 1 , . . . , p 4 ∈ P 3 , giving rise to X as above. Then X is rational but does not contain lines defined over k, by the description in Proposition 21.
Remark 23. The group U 1 may be realized as a subgroup of H, e.g., by taking c as the generator of the second factor, a = (1234) and b = (12). This group does not fix any of the irreducible components of F 1 (X). On the other hand, the Cremona involution acts on the S i by taking inverses and thus stabilizes points not on hexagon, i.e., lines on X not meeting singularities.
9.4. Construction of non-rational examples. Since the action of H is regular on the toric variety X, we can use it to obtain a twisted model of ρ X and the corresponding torus over a non-closed field, provided there is a representation ρ : Gal(k) → H. For example, let K be a cubic extension over k and L and quadratic extension over K; assume that the Galois closures of K and L over k have Galois groups S 3 and H respectively. Let z be an indeterminate in K and θ ∈ K a primitive element; the equations
are homogeneous and define a locus on P(R L/k A 1 ) ≃ P 5 geometrically isomorphic to X.
The resulting variety is one of the minimal non-rational toric threefolds considered in [Vos01, Ex. 6.2.1].
9.5. Specialization of birational types. We will use a special case of [KT17, Th. 16]:
, and X → B a flat projective morphism from a scheme smooth over k with closed fiber X 0 . We assume that
• the generic fiber X τ is smooth and rational (resp. stably rational) over K; • X 0 is geometrically irreducible and reduced; • X 0 is singular along a subscheme Y that is smooth over k;
• the blowup β : Bl Y (X 0 ) → X 0 resolves the singularities of X 0 ;
• the exceptional divisor D of β is smooth over Y and rational over k(Y ).
Then X 0 is rational (resp. stably rational) over k.
Our assumptions mean that the proper transform of X 0 meets the exceptional divisor of Bl Y (X ) transversally.
Proof. It suffices to verify that the pair (X , X 0 ) has B-rational singularities. Our argument is an extension of [KT17, Ex. 13].
Let X ′ = Bl Y (X ) with exceptional divisor E ≃ P(N Y /X ); X ′ 0 is a normal crossings divisor and write D for the intersection of E with the proper transform of X ′ 0 , i.e., the exceptional locus of β. Using [KT17, §4], we write
where the cancellation comes from definition of the Burnside group and the fact that E and D are both rational over k(Y ). We conclude that
the desired condition on the singularities.
We apply this to the examples of Section 9.4: Theorem 25. Let k be a function field of a complex curve, X 0 a nonrational toric complete intersection of two quadrics over k, and X → B a deformation of X 0 with smooth total space. Then the generic fiber of X τ is not (stably) rational over k((τ )).
Note that we can easily choose the deformation so that X → B admits sections, e.g., by choosing the deformed quadratic equations to vanish at a smooth point of X 0 . This construction yields examples over function fields of complex surfaces that are irrational yet admit rational points.
Corollary 26. There exist examples of smooth complete intersections of two quadrics in P 5 over C(t, τ ) that are not rational (or stably rational) but admit rational points.
Proof. Here X 0 is the twisted form of our toric complete intersection of two quadrics. We take Y to be its six ordinary double points. A deformation that is versal for these singularities has smooth total space. Thus D → Y is a smooth quadric surface fibration over a complex curve. The Tsen-Lang theorem shows that any such fibration is rational, so the hypotheses of Theorem 24 are satisfied.
Remark 27. Toric degenerations of Fano threefolds have attracted attention in connection with mirror symmetry and the theory of LandauGinzburg models. We expect that the technique presented here will permit the construction of numerous non-rational but geometrically rational smooth Fano threefolds.
Irrationality via decomposition of the diagonal
Here we establish the following result, which answers a question of Colliot-Thélène from 2005:
Theorem 28. There exist smooth complete intersections of two quadrics X ⊂ P 5 over the field k = C(t) that fail to be stably rational over k.
The remainder of this section is devoted to the proof. The idea is to view the quadric surface bundle over P 1 , over k = C(t), as a quadric surface bundle over P 1 × P 1 , over C. If X were rational over k then the associated fourfold would be rational over C. The quadric surface bundle degenerates along a curve of bidegree (6, 6). To this we will apply the specialization method of [Voi15] or [CTP16] , as in [HPT18] . This entails two steps
• exhibit a specialization with nontrivial Brauer group and • show that the singularities of the specialization are mild.
Throughout, we make reference to the geometric analysis in Section 4.2.
10.1. The case of function fields. We now assume that k = C(t). We have X(k) = ∅ by the Tsen-Lang Theorem; indeed, rational points are Zariski dense as X is rationally connected over the function field of a curve.
We write down representative models for projective equations of models over P 1 . The complete intersection of two quadrics sits
where the first summand arises from the section associated with x ∈ X(k) and the first four summands the tangent space T x X. Fix {x 0 }, {x 1 , x 2 , x 3 }, and {x 4 , x 5 } to be weighted variables corresponding to the summands. We write equations F = G = 0 where with the c ij and d ij of degree d, the l ij and m ij of degree d + 1 and the q ij and r ij of degree d + 2. The projection from T x X is given by [x 4 , x 5 ]; write x 5 = tx 4 which we'll take as the second grading. The elimination is obtained by taking tF − G, substituting x 5 = tx 4 , and then re-homogenizing the t variable. Thus we obtain a quadric surface bundle 
where the L ij are bidegree (d, 1), the Q ij bidegree (d + 1, 2) and C 44 bidegree (d + 2, 3). The degeneracy locus D ⊂ P 1 × P 1 has bidegree (4d + 2, 6).
Conversely, given a symmetric matrix A of forms with the prescribed bibdegrees, we may reverse the process to recover X from X ′ . The construction depends on 6 · 2(d + 1) + 3 · 3(d + 2) + 4(d + 3) − (9 + 1 + 3 · 4) − 6 = 25d + 14 parameters. However, a generic form of bidegree (4d + 2, 6) depends on 7(4d + 3) − (1 + 6) = 28d + 14 parameters.
The model of C C → P 1 × P 1 is a double cover branched over a degree-six multisection. The unramified element α ∈ Br(C)[2] governs the rationality of the generic fiber. If d = 0 then C → P 1 × P 1 is a double cover branched over a curve of bidegree (2, 6) which has trivial Brauer group; here the fibration q must have a section. The case d = 1 yields a bidegree-(6, 6) degeneracy locus -we focus on this. However, note that the determinantal condition gives a codimension three locus in the parameter space of (6, 6) forms.
10.2. Application to Theorem 28. Specialize to
where E is bidegree (2, 2), F 1 and F ′ 1 are of bidegree (1, 0), F 2 and F ′ 2 are of bidegree, and all the fibers are tangent to E. Such configurations depend on two parameters.
We put these in the prescribed determinantal form. First write F 1 = {y 1 = 0}, F ′ 1 = {z 1 = 0}, F 2 = {y 2 = 0}, F ′ 2 = {z 2 = 0} and set E = {g(y 1 , z 1 ; y 2 , z 2 ) = 0}, g ∈ C[y 1 , z 1 ; y 2 , z 2 ] (2,2) , with g chosen such that E has the tangencies specified above. We set Let C 0 → P 1 × P 1 denote the quadric surface bundle associated with this quadratic form.
Pirutka's technique [Pir18, Th. 3.17] shows that C 0 has unramified cohomology, arising from the pull-back of the class of Br(C(P 1 × P 1 )) ramified along
with higher-order ramification at the four points of intersection. While C 0 is singular, it admits a universally CH 0 -trivial resolution of singularities following the procedure in [HPT18, §5] . Indeed, the configuration of singularities here isétale-locally equivalent at each point to a stratum of the configruation considered in [HPT18] . There we had a cycle of three rational curves, each with multiplicity two and simply tangent to the smooth (multiplicity-one) component of the degeneracy locus at a point; here we have a cycle of four rational curves with the same tangency to E. Now suppose C → P 1 × P 1 is branched over a very general (6, 6) curve. An application of [Voi15] or [CTP16] , as in [HPT18] , shows that such for such C the corresponding fourfold lacks an integral decomposition of the diagonal and thus fails to be stably rational.
